We know that the probability of a successes in n Bernoulli trials with probability of success p is given by the binomial formula P(A = a) = n a p a (1 ? p)
n?a so that we choose from a box in which there are N objects, r of which count as 'successes' and s = N ? r of which count as`failures', this takes the form P(A = a) = n a r N a s N n?a :
The mean of this distribution is known to be EA = n r N and its variance is VA = n r N s N (see, e.g., Hoel, Chapter 3, Section 2.4.2). However, this assumes that the choices are made independently of one another and so are made with replacement. If, on the contrary, they are made without replacement, then the number of ways in which a sample of size n can be chosen from the population of size N is It follows that if we have a contingency table a b r c d s n m N in which we regard the marginal values r, s, m and n as xed, then the probability of observing a value a assuming that the individuals are distributed at random into the cells of the contingency table, subject only to the margins being so xed, is given by the above formula for the hypergeometric distribution. We can thus take it that a has a mean and a variance given by the above formulae.
In the application discussed by B W Brown in the collection edited by Miller et al., we have sixteen such two by two tables in which the rows represent the two levels of acid phosphatase and the columns the two possible levels of nodal involvement (absence or presence), for some xed values of the other four factors. The hypothesis that the values in the table are random, subject only to the fact that the margins are xed, thus corresponds to the hypothesis that, for the xed values of the other parameters, the level of acid phosphatase has no predictive power for the level of nodal involvement. Then on the supposition that acid phosphatase has no further predictive value given the other four factors, we would expect that a i has mean E i and variance V i , so that as all the tables are independent of one another, P a i has mean P E i and variance P V i , so that P (a i ? E i ) p P V I would have mean 0 and variance 1. Moreover, we know that the hypergeometric distribution is approximately binomial, so approximately normal (see Hoel, Chapter 3, Section 3.4.3) , and in any case the we would expect P a i to be closer to normality than the individual a i by the Central Limit Theorem (see Hoel, Chapter 5, Section 8), so it is reasonable to suppose that T 0 is, under the null hypothesis that acid phosphatase has no further predictive value, approximately a standard normal variable. We can thus test the null hypothesis by seeing whether
is larger than, say 1.96, and, if so, then rejecting the null hypothesis at the 5% level.
As a matter of fact, a slightly better approximation to normality can be obtained by a so-called continuity correction. It turns out that the distribution of T = j P (a i ? E i )j ? 1 2 p P V I is closer to normality, so we are better o using that value.
One further point is that if any of the marginal values r, s, m or n vanishes, then V i vanishes, and it is easy to see that in those cases the value of a i is exactly equal to E i , so that any table for which one or more of the marginal values vanishes may as well be omitted from the calculations.
For the data quoted by B W Brown, where, e.g., Table 1 Since the (two-tailed) probability that a standard normal variate exceeds 1.04 is 0.15 (which is even larger than the value P = 0:11 resulting from B W Brown's value T = 1:25), the evidence that acid level has value as a prognostic indicator \seems somewhat tenuous". The original reference for the Mantel-Haenszel test is to their joint paper quoted below, and some extensions were discussed by Mantel in his 1963 paper. A textbook discussion can be found in Snedecor and Cochran's book referenced below (Section 11.11).
The test can be carried out in R by using mantelhaen.test.
